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On the Center of Two-parameter Quantum Groups Ur,s(so2n+1)
Naihong Hu⋆ and Yuxing Shi
ABSTRACT. The paper mainly considers the center of two-parameter quantum groups
Ur,s(so2n+1) via an analogue of the Harish-Chandra homomorphism. In the case when
n is odd, the Harish-Chandra homomorphism is not injective in general. When n is even,
the Harish-Chandra homomorphism is injective and the center of two-parameter quantum
groups Ur,s(so2n+1) is described, up to isomorphism.
1. Introduction
From down-up algebras approach ([BW1]), Benkart-Witherspoon ([BW2]) recovered
Takeuchi’s definition of two-parameter quantum groups of type A. Since then, a sys-
tematic study of the two-parameter quantum groups has been going on, see, for instance,
([BW2], [BW3]) for type A; ([BGH1], [BGH2]) for types B,C,D; [HS], [BH] for types
G2, E6, E7, E8. For a unified definition, see ([HP1], [HP2]). In this paper we determine
the center of the two-parameter quantum groups of type Bn when n is even.
Much work has been done on the center of quantum groups for finite-dimensional
simple Lie algebras ([B], [D], [JL], [R], [RTF], [T]), and also for (generalized) Kac-
Moody (super)algebras ([E], [Hong], [KT]), and for two-parameter quantum group of
type A [BKL]. The approach taken in many of these papers (and adopted here as well) is
to define a bilinear form on the quantum group which is invariant under the adjoint action.
This quantum version of the Killing form is often referred to in the one-parameter setting
as the Rosso form (see [R]). The next step involves constructing an analogue ξ of the
Harish-Chandra map. It is straightforward to show that the map ξ is an injective algebra
homomorphism. The main difficulty lies in determining the image of ξ and in finding
enough central elements to prove that the map ξ is surjective. In the two-parameter case
for typeAn [BKL], a new phenomenon arises: the n odd and even cases behave differently.
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Additional central elements arise when n is even. As for type Bn, we will show that ξ is
an injective map only when n is even.
The paper is organized as follows. In section 2, the definition of two-parameter quan-
tum groupUr,s(so2n+1) and some related properties are given. In section 3, we introduce a
Harish-Chandra homomorphism ξ, and prove that ξ is injective when n is even. In section
4, we determine the center of two-parameter quantum groups Ur,s(so2n+1) in the sense of
isomorphisms when n is even.
2. Ur,s(so2n+1) and related properties
2.1. Definition ofUr,s(so2n+1). The definition of two-parameters quantum groups of
typeB was given in [BGH1]. Here K = Q(r, s) is a subfield of C with r, s ∈ C, r2+s2 6=
1, r 6= s. Φ is the root system of so2n+1 with Π a base of simple roots, which is a finite
subset of a Euclidean space E = Rn with an inner product (, ). Let ε1, · · · , εn denote a
normal orthogonal basis of E, then Π = {αi = εi − εi+1, 1 ≤ i ≤ n − 1, αn = εn},
Φ = {±εi ± εj , 1 ≤ i < j ≤ n; ±εj, 1 ≤ j ≤ n}. Denote ri = r(αi,αi), si = s(αi,αi).
DEFINITION 2.1. Let U = Ur,s(so2n+1) be the associative algebra over K generated
by ei, fi, ω±1i , ω
′±1
i (i = 1, · · · , n), subject to relations (B1)—(B7):
(B1) ω±1i , ω
′±1
j all commute with one another and ωiω
−1
i = 1 = ω
′
jω
′−1
j for 1 ≤
i, j ≤ n.
(B2) For 1 ≤ i ≤ n, 1 ≤ j < n, there are the following identities:
ωjeiω
−1
j = r
(εj ,αi)
j s
(εj+1,αi)
j ei, ωjfiω
−1
j = r
−(εj ,αi)
j s
−(εj+1,αi)
j fi,
ωnejω
−1
n = r
2(εn,αj)
n ej, ωnfjω
−1
n = r
−2(εn,αj)
n fj ,
ωnenω
−1
n = r
(εn,αn)
n s
−(εn,αn)
n en, ωnfnω
−1
n = r
−(εn,αn)
n s
(εn,αn)
n fn.
(B3) For 1 ≤ i ≤ n, 1 ≤ j < n, there are the following identities:
ω′jeiω
′−1
j = s
(εj ,αi)
j r
(εj+1,αi)
j ei, ω
′
jfiω
′−1
j = s
−(εj ,αi)
j r
−(εj+1,αi)
j fi,
ω′nejω
′−1
n = s
2(εn,αj)
n ej, ω
′
nfjω
′−1
n = s
−2(εn,αj)
n fj,
ω′nenω
′−1
n = s
(εn,αn)
n r
−(εn,αn)
n en, ω
′
nfnω
′−1
n = s
−(εn,αn)
n r
(εn,αn)
n fn.
(B4) For 1 ≤ i, j ≤ n, there are the following identities:
[ei, fj] = δij
ωi − ω
′
i
ri − si
.
(B5) For |i− j| > 1, there are (r, s)-Serre relations:
[ei, ej ] = [fi, fj ] = 0.
(B6) For 1 ≤ i < n, 1 ≤ j < n− 1, there are (r, s)-Serre relations:
e2i ei+1 − (ri + si)eiei+1ei + (risi)ei+1e
2
i = 0,
e2j+1ej − (r
−1
j+1 + s
−1
j+1)ej+1ejej+1 + (r
−1
j+1s
−1
j+1)eje
2
j+1 = 0,
e3nen−1 − (r
−2
n + r
−1
n s
−1
n + s
−2
n )e
2
nen−1en
= −(r−1n s
−1
n )(r
−2
n + r
−1
n s
−1
n + s
−2
n )enen−1e
2
n + (r
−3
n s
−3
n )en−1e
3
n.
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(B7) For 1 ≤ i < n, 1 ≤ j < n− 1, there are (r, s)-Serre relations:
fi+1f
2
i − (ri + si)fifi+1fi + (risi)f
2
i fi+1 = 0,
fjf
2
j+1 − (r
−1
j+1 + s
−1
j+1)fj+1fjfj+1 + (r
−1
j+1s
−1
j+1)f
2
j+1fj = 0,
fn−1f
3
n − (r
−2
n + r
−1
n s
−1
n + s
−2
n )fnfn−1f
2
n
= −(r−1n s
−1
n )(r
−2
n + r
−1
n s
−1
n + s
−2
n )f
2
nfn−1fn + (r
−3
n s
−3
n )f
3
nfn−1.
The Hopf algebra structure on Ur,s(so2n+1) with the comultiplication, the counit and
the antipode as follows
∆(ω±1i ) = ω
±1
i ⊗ ω
±1
i , ∆(ω
′±1
i ) = ω
′±1
i ⊗ ω
′±1
i ,
∆(ei) = ei ⊗ 1 + ωi ⊗ ei, ∆(fi) = 1⊗ fi + fi ⊗ ω
′
i,
ε(ω±1i ) = ε(ω
′±1
i ) = 1, ε(ei) = ε(fi) = 0,
S(ω±1i ) = ω
∓1
i , S(ω
′±1
i ) = ω
′∓1
i ,
S(ei) = −ω
−1
i ei, S(fi) = −fiω
′−1
i .
Let Λ =
⊕n
i=1 Z̟i be the weight lattice of so2n+1, where ̟i are the fundamental
weights. Let Λ+ = {λ ∈ Λ | (αi, λ) ≥ 0, 1 ≤ i ≤ n} denote the set of dominant weights
for so2n+1. Q =
⊕n
i=1 Zαi denote the root lattice and set Q+ =
⊕n
i=1 Z≥0αi.
U has a triangular decomposition U ∼= U− ⊗ U0 ⊗ U+, where U0 is the subalgebra
generated by ω±i , ω
′±
i , and U+ (resp. U−) is the subalgebra generated by ei (resp. fi).
Let B (resp. B′) denote the Hopf subalgebra of U generated by ej , ω±j (resp. fj , ω′±j ) with
1 ≤ j ≤ n.
PROPOSITION 2.1. [BGH1] There exists a unique skew-dual pairing 〈 , 〉: B′×B →
K of the Hopf subalgebras B and B′ such that
〈fi, ej〉 = δij
1
si − ri
, 1 ≤ i, j ≤ n,
〈ω′i, ωj〉 = r
2(εj ,αi)s2(εj+1,αi), 1 ≤ i ≤ n, 1 ≤ j < n,
〈ω′i, ωn〉 = r
2(εn,αi), 1 ≤ i < n,
〈ω′±1i , ω
−1
j 〉 = 〈ω
′±1
i , ωj〉
−1 = 〈ω′i, ωj〉
∓1, 1 ≤ i, j ≤ n,
〈ω′n, ωn〉 = rs
−1.
and all other pairs of generators are 0. Moreover, we have 〈S(a), S(b)〉 = 〈a, b〉 for
a ∈ B′, b ∈ B.
COROLLARY 2.2. [BGH1] For ς =∑ni=1 ςiαi ∈ Q, the defining relations (B3) of
Ur,s(so2n+1) can be written as
ωςeiω
−1
ς = 〈ω
′
i, ως〉ei, ωςfiω
−1
ς = 〈ω
′
i, ως〉
−1fi,
ω′ςeiω
′−1
ς = 〈ω
′
ς , ωi〉
−1ei, ω
′
ςfiω
′−1
ς = 〈ω
′
ς , ωi〉fi.
Corresponding to any λ ∈ Q is an algebra homomorphism ̺λ : U0 → K given by
̺λ(ωj) = 〈ω
′
λ, ωj〉, ̺
λ(ω′j) = 〈ω
′
j , ωλ〉
−1
. Associated with any algebra homomorphism
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ψ : U0 → K is the Verma module M(ψ) with highest weight ψ and its unique irreducible
quotient L(ψ). When the highest weight is given by the homomorphism ̺λ for λ ∈ Λ, we
simply write M(λ) and L(λ) instead of M(̺λ) and L(̺λ). They all belong to categoryO,
for more details, please refer to [BGH2].
LEMMA 2.3. [BGH2] Let υλ be a highest weight vector of M(λ) for λ ∈ Λ+. Then
the irreducible module L(λ) is given by
L(λ) = L′(λ) = M(λ)
/( n∑
i=1
Uf
(λ,α∨i )+1
i υλ
)
.
Let W be the Weyl group of the root system Φ, and σi ∈ W the reflection associated
to αi for each 1 ≤ i ≤ n. Thus, σi(λ) = λ − (λ, αi)αi, λ ∈ Λ. By [BGH2], L(λ)
is a finite-dimensional U -module on which U0 acts semi-simply. L(λ) =
⊕
µ≤λ
L(λ)µ,
where ̺µ : U0 → K is an algebra homomorphism, and L(λ)µ = {x ∈ L(λ) | ωi.x =
̺µ(ωi)x, ω
′
i.x = ̺
µ(ω′i)x, 1 ≤ i ≤ n}.
LEMMA 2.4. [BGH2] (a) The elements ei, fi(1 ≤ i ≤ n) act locally nilpotently on
Ur,s(so2n+1)-module L′(λ).
(b) Assume that rs−1 is not a root of unity, V = ⊕j∈Z+ Vλ−jα ∈ Ob(O) is a
Ur,s(sl2)-module for some λ ∈ Λ. If e, f act locally nilpotently on V , then dimK V <∞,
and the weights of V are preserved under the simple reflection taking α to −α.
THEOREM 2.5. If λ ∈ Λ+, then dimL(λ)µ = dimL(λ)σ(µ), ∀µ ∈ Λ, σ ∈W .
Proof. L(λ) = L′(λ), Ui a subalgebra generated by ei, fi, ωi, ω′i, µ is a weight of
L′(λ), L′i(µ) = UiL
′(λ)µ =
∑
j∈Z+
L′i(µ)λ′−jαi , where λ
′ ≤ λ. By [BGH2] Lemma 2.15,
simple reflection σi preserves weights of L′i(µ), σi(µ) is weight of both L′i(µ) and L′(λ).
Since dimL′(λ)µ ≥ dimL′(λ)σi(µ) ≥ dimL′(λ)µ, dimL′(λ)µ = dimL′(λ)σi(µ).
So dimL′(λ)µ = dimL′(λ)σ(µ). 
DEFINITION 2.2. [BGH1] Bilinear form 〈 , 〉U : U × U → K defined by
〈Faω
′
µωυEβ , Fθω
′
σωδEγ〉U = 〈ω
′
σ, ωυ〉〈ω
′
µ, ωδ〉〈Fθ, Eβ〉〈S
2(Fa), Eγ〉.
This form is also called the Rosso form of the two-parameter quantum group Ur,s(g).
THEOREM 2.6. [BGH1] The Rosso form onUr,s(g)×Ur,s(g) 〈 , 〉U is adl-invariant,
that is, 〈adl(a)b, c〉U = 〈b, adl(S(a))c〉U for a, b, c ∈ Ur,s(g).
By Theorem 2.14 ([BGH1]),
〈a, b〉U = 0, a ∈ U
−σ
r,s (n
−), b ∈ U δr,s(n), σ, δ ∈ Q
+, σ 6= δ.
THEOREM 2.7 ([BGH1]). For β ∈ Q+, the skew pairing 〈 , 〉 on B′−β × Bβ is
nondegenerate.
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LEMMA 2.8. If µ, µ1, ν, ν1 ∈ Q+, then
〈U−ν(n−)U0U
µ(n+), U−ν1(n−)U0U
µ1(n+)〉U = 0⇐⇒ µ = ν1, ν = µ1.
Define a group homomorphism χη,φ : Q×Q→ K× as follows
χη,φ(η1, φ1) = 〈ω
′
η, ωφ1〉〈ω
′
η1
, ωφ〉,
where (η, φ) ∈ Q×Q, (η1, φ1) ∈ Q×Q, K× = K\{0}.
LEMMA 2.9. Suppose rksl = 1 if and only if k = l = 0. If χη,φ = χη′,φ′ , then
(η, φ) = (η′, φ′).
Proof: Let ζ =
n∑
i=1
ζiαi. By definition,
〈ω
′
ζ , ωi〉 =
{
r2(εi,ζ)s2(εi+1,ζ), i < n,
r2(εn,ζ)(rs)−ζi , i = n.
〈ω
′
i, ωζ〉
−1 =
{
r2(εi+1,ζ)s2(εi,ζ), i < n,
s2(εn,ζ)(rs)−ζi , i = n.
It is easy to see that the conclusion is obvious for case i < n. For case i = n,
χη,φ(0, αi) = 〈ω
′
η, ωi〉 = r
2(εi,η)s2(εi+1,η)
= χη′ ,φ′ (0, αi) = r
2(εi,η
′
)s2(εi+1,η
′
).
By comparing the exponent of r, s, we get that (εi, η − η
′
) = 0, (εi+1, η − η
′
) = 0. So,
η = η
′
, and
χη,φ(αi, 0) = 〈ω
′
i, ωφ〉 = r
−2(εi+1,φ)s−2(εi,φ)
= χη′ ,φ′ (αi, 0) = r
−2(εi+1,φ
′
)s−2(εi,φ
′
).
By comparing the exponent of r, s, we have (εi, φ − φ
′
) = 0, (εi+1, φ − φ
′
) = 0, i.e.,
φ = φ
′
. 
LEMMA 2.10. If rksl = 1⇐⇒ k = l = 0. Then Rosso form 〈 , 〉U is nondegenerate
on U .
Proof: We only have to prove that u ∈ U−ν(n−)U0Uµ(n+), 〈u, v〉U = 0 for all
v ∈ U−µ(n−)U0U
ν(n+), then u = 0. Let µ ∈ Q+, {uµ1 , u
µ
2 , · · ·u
µ
dµ
} is a basis of
Uµ(n+), dimUµ(n+) = dµ. By Theorem 2.7, we can take a dual basis of U−µ(n−) as
{vµ1 , v
µ
2 , · · · v
µ
dµ
}, that is, 〈vµi , u
µ
j 〉 = δij . Set {vνi ω′ηωφu
µ
j
∣∣1 ≤ i ≤ dν , 1 ≤ j ≤ dµ} is a
basis of U−ν(n−)U0Uµ(n+). By definition of the Rosso form,
〈vνi ω
′
ηωφu
µ
j , v
µ
kω
′
η1
ωφ1u
ν
l 〉U = 〈ω
′
η, ωφ1〉〈ω
′
η1
, ωφ〉〈v
µ
k , u
µ
j 〉〈S
2(vνi ), u
ν
l 〉
= δkjδil(rs
−1)2(ρ,ν)〈ω′η, ωφ1〉〈ω
′
η1 , ωφ〉.
Let u =
∑
i,j,η,φ
θi,j,η,φv
ν
i ω
′
ηωφu
µ
j , v = v
µ
kω
′
η1ωφ1u
ν
l , 1 ≤ k ≤ dµ, 1 ≤ l ≤ dν , η1, φ1 ∈
Q, ρ is a half sum of positive roots. Because of 〈u, v〉U = 0, we have
(2.1)
∑
η,φ
θl,k,η,φ(rs
−1)2(ρ,ν)〈ω′η, ωφ1〉〈ω
′
η1
, ωφ〉 = 0.
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This identity also can reformulate as
∑
η,φ
θl,k,η,φ(rs
−1)2(ρ,ν)χη,φ = 0. By Dedekind The-
orem (please ref to [BAI]), θl,k,η,φ = 0. So u = 0. 
3. Harish-Chandra homomorphism
We suppose rksl = 1 if and only if k = l = 0 from now on. Denote by Z(U) the
center of Ur,s(so2n+1). It is easy to see that Z(U) ⊂ U0. We also define an algebra
automorphism γ−ρ : U0 → U0 as
γ−ρ(ω′ηωφ) = ̺
−ρ(ω′ηωφ)ω
′
ηωφ.
DEFINITION 3.1. Harish-Chandra homomorphism ξ : Z(U) → U0 is the restricted
map γ−ρπ
∣∣
Z(U)
,
γ−ρπ : U0 → U0 → U0,
where π : U0 → U0 is the canonical projection.
THEOREM 3.1. When n is even, ξ : Z(U)→ U0 is injective for Ur,s(so2n+1).
Proof: Note that U0 = U0
⊕
K , where K =
⊕
ν>0
U−ν(n−)U0U
+ν(n+), K is the
two-sided ideal in U0 which is the kernel of π. As both π and γ−ρ are algebra homomor-
phism, ξ is an algebra homomorphism. Assume that z ∈ Z(U) and ξ(z) = 0. Writing
z =
∑
ν∈Q+
zν with zν ∈ U−ν(n−)U0U+ν(n+), we have z0 = 0. Fix any zν 6= 0 minimal
with the property that ν ∈ Q+\0. Also choose bases {yk} and {xl} for U−ν(n−) and
U+ν(n+), respectively. We may write zν =
∑
k,l
yktk,lxl, tk,l ∈ U0. Then
0 = eiz − zei
=
∑
γ 6=ν
(eizγ − zγei) +
∑
k,l
(eiyk − ykei)tk,lxl +
∑
k,l
yk(eitk,lxl − tk,lxlei).
Note that eiyk − ykei ∈ U−(ν−αi)(η−)U0, and only∑
k,l
(eiyk − ykei)tk,lxl ∈ U
−(ν−αi)(n−)U0U
+ν(n+).
Therefore, we have ∑
k,l
(eiyk − ykei)tk,lxl = 0.
By the triangular decomposition of U and the fact that {xl} is a basis of U+ν(n+), we
get
∑
k
eiyktk,l =
∑
k
ykeitk,l for each l and i. Now we fix l and consider the irreducible
module L(λ) for λ ∈ Λ+. Let vλ be the highest weight vector of L(λ), and set m =∑
k
yktk,lvλ. Then for each i,
eim =
∑
k
eiyktk,lvλ =
∑
k
ykeitk,lvλ = 0.
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Hencem generates a proper submodule of L(λ), which is contradict with the irreducibility
of L(λ), so
m =
∑
k
yk̺
λ(tk,l)vλ = 0.
ν = k1α1 + k2α2 + · · · + knαn ∈ Q
+
, chose suitable λ = λ1̟1 + λ2̟2 + · · · +
λn̟n such that (λ, α∨i ) = λi ≥ ki. We might assume λi > 0. By [BGH2] Theorem
2.12,
∑
k
yk̺
λ(tk,l) ∈ U
−ν(n−) 7→
∑
k
yk̺
λ(tk,l)vλ is injective, so ∑
k
yk̺
λ(tk,l) = 0.
As {yk} is a basis of U−ν(n−), ̺λ(tk,l) = 0. Let tk,l =
∑
η,φ aη,φω
′
ηωφ. We can claim:
when n is even, ̺λ(tk,l) = 0, ∀λ, then tk,l = 0. This claim also amounts to
(3.1) ̺λ(ω′ηωφ) = ̺λ(ω
′
ζωψ)⇐⇒ η = ζ, φ = ψ.
which is also equivalent to
(3.2) ̺λ(ω′ηωφ) = 1⇐⇒ η = 0, φ = 0.
This can be proved by induction. 
4. The image of Z(U) under the Harish-Chandra homomorphism ξ
Define an algebra homomorphism ̺0,λ : U0 → K for λ ∈ Λ by ̺0,λ(ω′ηωφ) =
(rs−1)(η+φ,λ). And define an algebra homomorphism ̺λ,µ : U0 → K for λ, µ ∈ Λ by
̺λ,µ(ω′ηωφ) = ̺
λ,0(ω′ηωφ)̺
0,µ(ω′ηωφ) = ̺
λ(ω′ηωφ)̺
0,µ(ω′ηωφ).
LEMMA 4.1. Let u = ω′ηωφ, η, φ ∈ Q for arbitrary two-parameter quantum group
of type Bn. If ̺λ,µ(u) = 1 for all λ, µ ∈ Λ, then u = 1.
Proof: Denote η = η1α1 + η2α2 + · · ·+ ηnαn, φ = φ1α1 + φ2α2 + · · ·+ φnαn,
̺0,̟i(ω
′
ηωφ) = (rs
−1)(η+φ,̟i) = 1 =⇒ ηi + φi = 0, ∀i,
̺̟i,0(ω
′
ηω−η) = (s
2r−2)(αi,ωi)ηi = 1 =⇒ ηi = 0, ∀i.
This completes the proof. 
COROLLARY 4.2. If u ∈ U0, ̺λ,µ(u) = 0 for all (λ, µ) ∈ Λ × Λ, then u = 0.
Proof: (λ, µ) 7→ ̺λ,µ(ω′ηωφ), (η, φ) ∈ Q × Q is the character over group Λ × Λ.
It follows from Lemma 4.1 that different (η, φ) give rise to different characters. Suppose
now that u =
∑
θη,φω
′
ηωφ, where θη,φ ∈ K. By assumption,
∑
θη,φ̺
λ,µ(ω′ηωφ) = 0 for
all (λ, µ) ∈ Λ × Λ. By the linear independence of different characters, θη,φ = 0, u = 0.

Let U0♭ =
⊕
η∈Q
Kω′ηω−η, define the action of Weyl group on U0♭ by σ(ω′ηω−η) =
ω′σ(η)ω−σ(η), for all σ ∈W, η ∈ Q.
THEOREM 4.3. We have ̺σ(λ),µ(u) = ̺λ,µ(σ−1(u)) for arbitrary two-parameter
quantum group of type Bn, where u ∈ U0♭ , σ ∈W and λ, µ ∈ Λ.
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Proof: We only need to prove this theorem for u = ω′ηω−η. First, we claim that
̺σ(λ),0(u) = ̺λ,0(σ−1(u)) for all λ ∈ Λ, σ ∈ W . This can be checked for each σi and
u = ω′ηω−η.
We prove ̺0,µ(u) = ̺0,µ(σ−1(u)) in the following.
̺0,µ(ω′η11 ω
′η2
2 ω
−η1
1 ω
−η2
2 )
=̺(0,(µ1+
1
2
µ2)α1+(µ1+µ2)α2)(ω′η11 ω
′η2
2 ω
−η1
1 ω
−η2
2 )
=(rs−1)((µ1+
1
2
µ2)α1+(µ1+µ2)α2,0)
=1,
̺0,µ(σ−1(ω′η11 ω
′η2
2 ω
−η1
1 ω
−η2
2 )) = 1.
̺σ(λ),µ(u)
=̺σ(λ),0(ω′η11 ω
′η2
2 ω
−η1
1 ω
−η2
2 )̺
0,µ(ω′η11 ω
′η2
2 ω
−η1
1 ω
−η2
2 )
=̺λ,0(σ−1(ω′ηω−η))̺
0,µ(σ−1(ω′ηω−η))
=̺λ,µ(σ−1(ω′η11 ω
′η2
2 ω
−η1
1 ω
−η2
2 ))
=̺λ,µ(σ−1(ω′ηω−η)),
for all u ∈ U0♭ , ̺
σ(λ),µ(u) = ̺λ,µ(σ−1(u)). 
Let us define
(U0♭ )
W = {u ∈ U0♭
∣∣σ(u) = u, ∀σ ∈W},
κη,φ(λ, µ) = ̺
λ,µ(ω′ηωφ) and κiζ,ψ(λ, µ) = ̺σi(λ),µ(ω′ζωψ), (λ, µ) ∈ Λ× Λ.
LEMMA 4.4. As for two-parameters quantum groups of type B2n, if u ∈ U0,
̺σ(λ),µ(u) = ̺λ,µ(u), for ∀λ, µ ∈ Λ and σ ∈ W . Then u ∈ (U0♭ )W .
Proof: If u = Ση,φθη,φω′ηωφ ∈ U0, such that ̺σ(λ),µ(u) = ̺λ,µ(u), for all λ, µ ∈ Λ
and σ ∈W . Identity
∑
(η,φ)
θη,φ̺
λ,µ(ω′ηωφ) =
∑
(ζ,ψ)
θζ,ψ̺
σi(λ),µ(ω′ζωψ) can be rewritten as
(4.1)
∑
(η,φ)
θη,φκη,φ =
∑
(ζ,ψ)
θζ,ψκ
i
ζ,ψ.
By Lemma 4.1, both sides of identity (4.1) are linear combinations of different characters
on Λ× Λ. If θη,φ 6= 0, then κη,φ = κiζ,ψ, for some (ζ, ψ) ∈ Λ× Λ.
Let η =
∑
j ηjαj , φ =
∑
j φjαj , ζ =
∑
j ζjαj , ψ =
∑
j ψjαj for 1 ≤ j ≤ n, then
κη,φ(0, ̟j) = ̺
0,̟j (ω
′
ηωφ) = (rs
−1)(η+φ,̟j)(4.2)
= κiζ,ψ(0, ̟j)(4.3)
= ̺0,̟j (ω
′
ζωψ) = (rs
−1)(ζ+ψ,̟j),(4.4)
therefore,
(4.5) η + φ = ζ + ψ.
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By expanding κη,φ(̟i, 0) = κiζ,ψ(̟i, 0), we get
(s2r−2)ηi−ζi = (s2r−2)(αi−1,−αi)ζi−1+(αi,−αi)ζi+(αi+1,−αi)ζi+1̺−αi(ωζ+ψ).
Comparing the index of both sides, it is not difficult to reach the conclusion ζi + ψi =
0 (∀ 1 ≤ i ≤ n), when n is an even number. So u ∈ U0♭ . By Theorem 4.3, ̺λ,µ(u) =
̺σ(λ),µ(u) = ̺λ,µ(σ−1(u)), for all λ, µ ∈ Λ and σ ∈ W . So u = σ−1(u), u ∈
(U0♭ )
W . 
THEOREM 4.5. For type Bn, ̺λ+ρ,µ(ξ(z)) = ̺σ(λ+ρ),µ(ξ(z)). Especially, when n
is even, ξ(Z(U)) ⊆ (U0♭ )
W
.
Proof: If z ∈ Z(U), choose suitable λ, µ ∈ Λ such that (λ, α∨i ) ≥ 0 for some fixed
i. Denote by vλ,µ ∈M(̺λ,µ) the highest weight vector.
zvλ,µ = π(z)vλ,µ = ̺
λ,µ(π(z))vλ,µ = ̺
λ+ρ,µ(ξ(z))vλ,µ.
So z acts on M(̺λ,µ) with scalar ̺λ+ρ,µ(ξ(z)). By Lemma 2.6 in [BGH2],
eif
(λ,α∨i )+1
i vλ,µ = [(λ, α
∨
i ) + 1]if
(λ,α∨i )
i
r
−(λ,α∨i )
i ωi − s
−(λ,α∨i )
i ω
′
i
ri − si
vλ,µ.(4.6)
(
r
−(λ,α∨i )
i ωi − s
−(λ,α∨i )
i ω
′
i
)
vλ,µ
=
(
r
−(λ,α∨i )
i ̺
λ,µ(ωi)− s
−(λ,α∨i )
i ̺
λ,µ(ω
′
i)
)
vλ,µ
=
(
r
−(λ,α∨i )
i ̺
λ,0(ωi)− s
−(λ,α∨i )
i ̺
λ,0(̟
′
i)
)
̺0,µ(ωi)vλ,µ
= 0.
So ejf (λ,α
∨
i )+1
i vλ,µ = 0.
zf
(λ,α∨i )+1
i vλ,µ = π(z)f
(λ,α∨i )+1
i vλ,µ
= ̺σi(λ+ρ)−ρ,µ(π(z))f
(λ,α∨i )+1
i vλ,µ
= ̺σi(λ+ρ),µ(ξ(z))f
(λ,α∨i )+1
i vλ,µ.
z acts on M(̺λ,µ) by scalar ̺σi(λ+ρ),µ(ξ(z)). So
(4.7) ̺λ+ρ,µ(ξ(z)) = ̺σi(λ+ρ),µ(ξ(z)).
Now let us prove that (4.7) is true for arbitrary λ ∈ Λ. If (λ, α∨i ) = −1, then
λ + ρ = σi(λ + ρ), (4.7) is true. If (λ, α∨i ) < −1, let λ′ = σi(λ + ρ) − ρ, then
(λ′, α∨i ) ≥ 0, λ
′ such that (4.7) exists. Putting λ′ = σi(λ + ρ)− ρ on (4.7), we can get
the required formula. Since the Weyl group is generated by σi’s, so
(4.8) ̺λ+ρ,µ(ξ(z)) = ̺σ(λ+ρ),µ(ξ(z)),
for all λ, µ ∈ Λ, σ ∈W . By Lemma 4.4, the proof is complete. 
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5. ξ is an algebra isomorphism for Ur,s(so4n+1)
LEMMA 5.1. z ∈ Z(U) if and only if adl(x)z = (ι ◦ ε(x))z for all x ∈ U .
ε : U → K is the counit of U , ι : K→ U is the unit map of U .
Proof: z ∈ Z(U) for all x ∈ U ,
adl(x)z =
∑
(x)
x(1)zS(x(2)) = z
∑
(x)
x(1)S(x(2)) = (ι ◦ ε)(x)z.
On contrary, if adl(x)z = (ι ◦ ε)(x)z, for all x ∈ U , then
ωizω
−1
i = adl(ωi)z = (ι ◦ ε)(ωi)z = z.
For the same reason, ω′iz(ω′i)−1 = z, and
0 = (ι ◦ ε)(ei)z = adl(ei)z = eiz + ωiz(−ω
−1
i )ei = eiz − zei
0 = (ι ◦ ε)(fi)z = adl(fi)z = z(−fi(ω
′
i)
−1) + fiz(ω
′
i)
−1 = (fiz − zfi)(ω
′
i)
−1.
So z ∈ Z(u). 
LEMMA 5.2. Suppose Ψ : U−µ(n−)×Uν(n+)→ K is a bilinear function, (η, φ) ∈
Q×Q. There exits a u ∈ U−ν(n−)U0Uµ(n+) such that
(5.1) 〈u, yω′η1ωφ1x〉U = 〈ω′η1 , ωφ〉〈ω′η, ωφ1〉Ψ(y, x),
for all x ∈ Uν(n+), y ∈ U−µ(n−).
Proof: Let µ ∈ Q+, {uµ1 , u
µ
2 , · · · , u
µ
dµ
} be a basis of Uµ(n+), {vµ1 , v
µ
2 , · · · , v
µ
dµ
} be
a basis of U−µ(n−) such that 〈vµi , u
µ
j 〉 = δij . Let
u =
∑
i,j
Ψ(vµj , u
ν
i )v
ν
i ω
′
ηωφu
µ
j (rs
−1)−2(ρ,ν).
It is easy to check that u satisfies identity (5.1). 
Define a U -module structure on U∗ as f ∈ U∗, (x.f)(v) = f(ad(S(x))v). Let
β : U → U∗,
β(u)(v) = 〈u, v〉U u, v ∈ U.(5.2)
By the non-degeneracy of 〈, 〉U , β is injective.
DEFINITION 5.1. M is a finite dimensionalU -module. DefineCf,m ∈ U∗,Cf,m(v) =
f(v.m), v ∈ U , for m ∈M and f ∈M∗.
THEOREM 5.3. M is a finite dimensional U -module and M =
⊕
λ∈wt(M)
Mλ,
Mλ =
{
m ∈M
∣∣(ωi − ̺λ(ωi))m = 0, (ω′i − ̺λ(ω′i))m = 0}.
for f ∈ M∗,m ∈ M , there exists a unique u ∈ U such that Cf,m(v) = 〈u, v〉U for all
v ∈ U .
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Proof: From the non-degeneracy of 〈 , 〉U , it is easy to see that the existence of u is
unique. Suppose m ∈Mλ,
v = yω′η1ωφ1x, x ∈ U
ν(n+), y ∈ U−µ(n−), (η1, φ1) ∈ Q×Q,
Cf,m(v) = Cf,m(yω
′
η1ωφ1x) = f(yω
′
η1ωφ1x.m)
= ̺λ+ν(ω′η1ωφ1)f(y.x.m).
(y, x) 7→ f(y.x.m) is a bilinear function,
̺λ+ν(ω′η1) = 〈ω
′
η1
, ωλ+ν〉
−1, ̺λ+ν(ωφ1) = 〈ω
′
λ+ν , ωφ1〉.
So, Cf,m(v) = 〈ω′η1 , ω−λ−ν〉〈ω
′
λ+ν , ωφ1〉f(y.x.m). By Lemma 5.2, there exists uνµ such
that Cf,m(v) = 〈uνµ, v〉U for all v ∈ U−µ(n−)U0Uν(n+).
Now for arbitrary v ∈ U , v =
∑
µ,ν
vµν , where vµν ∈ U−µ(n−)U0Uν(n+). Because
M is finite dimensional, there exists a finite set Ω such that
Cf,m(v) = Cf,m
( ∑
(µ,ν)∈Ω
vµν
)
, ∀ v ∈ U.
Let u =
∑
(µ,ν)∈Ω
uνµ, then
Cf,m(v) = Cf,m
( ∑
(µ,ν)∈Ω
vµν
)
=
∑
(µ,ν)∈Ω
Cf,m(vµν)
=
∑
(µ,ν)∈Ω
〈uνµ, vµν〉U =
∑
(µ,ν)∈Ω
〈uνµ, v〉U
= 〈u, v〉U .
This completes the proof. 
Suppose M is a module in the category O, and define a linear transformation Θ :
M →M ,
Θ(m) = (rs−1)−2(ρ,λ)m,(5.3)
for all m ∈Mλ, λ ∈ Λ.
LEMMA 5.4. Θu = S2(u)Θ, for all u ∈ U .
Proof: We only need to check it for the generators ei, fi, ωi and ω′i. For any m ∈Mλ,
we have
S2(ei)Θ(m) = S
2(ei)(rs
−1)−2(ρ,λ).m = ω−1i eiωi(rs
−1)−2(ρ,λ).m
=
1
〈ω′i, ωi〉
(rs−1)−2(ρ,λ).m = (rs−1)−2(ρ,λ+αi)ei.m
= Θ(ei.m), 1 ≤ i < n.
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S2(fi)Θ.m = S
2(fi)(rs
−1)−2(ρ,λ).m = ω′ifiω
′−1
i (rs
−1)−2(ρ,λ).m
= 〈ω′i, ωi〉(rs
−1)−2(ρ,λ)fi.m = (rs
−1)−2(ρ,λ−αi)fi.m,
= Θ(fi.m), 1 ≤ i < n.
S2(en)Θ(m) = ω
−1
n enωn(rs
−1)−2(ρ,λ).m
=
1
〈ω′n, ωn〉
(rs−1)−2(ρ,λ)en.m
= (rs−1)−2(ρ,λ+αn)en.m
= Θ(en.m).
S2(fn)Θ(m) = ω
′
nfnω
′−1
n (rs
−1)−2(ρ,λ).m
= 〈ω′n, ωn〉(rs
−1)−2(ρ,λ)fn.m
= (rs−1)−2(ρ,λ−αn)en.m
= Θ(fn.m).
Θ(ωi.m) = ̺
λ(ωi)(rs
−1)−2(ρ,λ)m, S2(ωi)Θ.m = ̺
λ(ωi)(rs
−1)−2(ρ,λ)m,
Θ(ω′i.m) = ̺
λ(ω′i)(rs
−1)−2(ρ,λ)m, S2(ω′i)Θ.m = ̺
λ(ω′i)(rs
−1)−2(ρ,λ)m,
Θ(ei.m) = S
2(ei)Θ(m), Θ(fi.m) = S
2(fi)Θ(m),
Θ(ωi.m) = S
2(ωi)Θ(m), Θω
′
i.m = S
2(ω′i)Θ(m).
So Θu = S2(u)Θ. 
For λ ∈ Λ, define fλ ∈ U∗, fλ(u) = trL(λ)(uΘ), u ∈ U .
LEMMA 5.5. If λ ∈ Λ+ ∩Q, then fλ ∈ Im(β).
Proof: Let k = dimL(λ), {mi} is a basis of L(λ), {fi} is the dual basis of L(λ)∗.
vΘ(mi) =
k∑
j=1
fj(vΘ(mj))mj =
k∑
j=1
Cfj ,Θ(mj)(v)mj
fλ(v) = trL(λ)(vΘ) =
k∑
i=1
Cfi,Θ(mi)(v).
By Theorem 5.2, there is a ui ∈ U such that Cfi,Θ(mi)(v) = 〈ui, v〉U for all 1 ≤ i ≤ k.
Let u =
k∑
i=1
ui,
β(u)(v) = 〈u, v〉U =
k∑
i=1
〈ui, v〉U =
k∑
i=1
Cfi,Θ(mi)(v) = fλ(v).
So fλ ∈ Im(β). 
THEOREM 5.6. For λ ∈ Λ+ ∩Q, zλ := β−1(fλ) ∈ Z(U).
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Proof: For all x ∈ U ,
(S−1(x)fλ)(u) = fλ(ad(x)u)
= trL(λ)
(∑
(x)
x(1)uS(x(2))Θ
)
= trL(λ)
(
u
∑
(x)
S(x(2))Θ(x(1))
)
= trL(λ)
(
u
∑
(x)
S(x(2))S
2(x(1))Θ
)
= trL(λ)
(
uS
(∑
(x)
S(x(1))x(2)
)
Θ
)
= (ι ◦ ε)(x)trL(λ)(uΘ) = (ι ◦ ε)(x)fλ(u).
Replacing x with S(x) in the above identity and noticing that ε ◦ S = ε, we can get
xfλ = (ι ◦ ε)(x)fλ. Indeed, we have
xfλ = xβ(β
−1(fλ)) = β(ad(S(x))β
−1(fλ)),
(ι ◦ ε)(x)fλ = (ι ◦ ε)(x)β(β
−1(fλ)) = β((ι ◦ ε)(x)β
−1(fλ)).
Because β is injective, ad(S(x))β−1(fλ) = (ι ◦ ε)(x)β−1(fλ). Since ε ◦ S−1 = ε,
replacing x with S−1(x) in the above formula, we get
ad(x)β−1(fλ) = (ι ◦ ε)(x)β
−1(fλ), for all x ∈ U.
By Lemma 5.1, β−1(fλ) ∈ Z(U). 
THEOREM 5.7. As for two-parameter quantum groups of type B2n, if rksl = 1
⇐⇒ k = l = 0, then ξ : Z(U)→ (U0♭ )
W is an algebra isomorphism.
Proof: zλ = β−1(fλ), for λ ∈ Λ+ ∩Q
zλ =
∑
ν≥0
zλ,ν , zλ,0 =
∑
(η,φ)∈Q×Q
θη,φω
′
ηωφ.
Here zλ,ν ∈ U−ν(n−)U0Uν(n+) and θη,φ ∈ K. (ηi, φi) ∈ Q×Q,
〈zλ, ω
′
ηiωφi〉U = 〈zλ,0, ω
′
ηiωφi〉 =
∑
η,φ
θη,φ〈ω
′
ηi , ωφ〉〈ω
′
η, ωφi〉.
On the other hand,
〈zλ, ω
′
ηiωφi〉U = β(zλ)(ω
′
ηiωφi) = fλ(ω
′
η1ωφi) = trL(λ)(ω
′
ηiωφiΘ)
=
∑
µ≤λ
dim(L(λ)µ)(rs
−1)−2(ρ,µ)̺µ(ω′ηiωφi)
=
∑
µ≤λ
dim(L(λ)µ)(rs
−1)−2(ρ,µ)〈ω′ηi , ω−µ〉〈ω
′
µ, ωφi〉.
It can be rewritten as∑
(η,φ)
θη,φχη,φ =
∑
µ≤λ
dim(L(λ)µ)(rs
−1)−2(ρ,µ)χµ,−µ.
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So
θη,φ =

dim(L(λ)µ)(rs
−1)−2(ρ,µ), η + φ = 0,
0, otherwise.
(5.4) zλ,0 =
∑
µ≤λ
(rs−1)−2(ρ,µ) dim(L(λ)µ)ω
′
µω−µ,
ξ(zλ) = γ
−ρ(zλ,0)
=
∑
µ≤λ
(rs−1)−2(ρ,µ) dim(L(λ)µ)̺
−ρ(ω′µω−µ)ω
′
µω−µ
=
∑
µ≤λ
dim(L(λ)µ)ω
′
µω−µ.
We only need to prove (U0♭ )W ⊆ ξ(Z(U)). Let λ ∈ Λ+ ∩Q, define
av(λ) =
1
|W |
∑
σ∈W
σ(ω′λω−λ) =
1
|W |
∑
σ∈W
ω′σ(λ)ω−σ(λ).(5.5)
For arbitrary η ∈ Q, there exists σ ∈ W such that σ(η) ∈ Λ+∩Q, so
{
av(λ)
∣∣λ ∈ Λ+∩Q}
is a basis of (U0♭ )W . Right now we only need to prove av(λ) ∈ Im(ξ). By induction on
the height of λ, when λ = 0, av(λ) = 1 = ξ(1), since dimL(λ)µ = dimL(λ)σ(µ), for all
σ ∈W , dimL(λ)λ = 1.
ξ(zλ) = |W |av(λ) + |W |
∑
dim(L(λ)µ))av(µ),
where µ < λ, µ ∈ Λ+ ∩Q. By induction, av(λ) ∈ Im(ξ). So (U0♭ )W ⊆ ξ(Z(U)). 
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